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It is well known that the viscous Bianchi type-I metric of the Kasner form is not able to describe
an anisotropic universe, which satisfies the second law of thermodynamics and the dominant energy
condition in Einstein’s theory of gravity. We investigate this problem in Brans-Dicke theory of
gravity using the Bianchi type-I metric with the perfect fluid. We show that it is possible to have
the dominant energy condition and the growth of entropy in this model. Also we apply this model
to explain the anomaly concerning the low quadrupole amplitude of the angular power spectrum of
the temperature anisotropy observed in WMAP data.
PACS numbers:
1. INTRODUCTION
One of the most interesting and complete scalar tensor theory of gravities is Brans-Dicke (BD) theory depending
on the BD parameter ωBD and the gravitational constant G is replaced with the reciprocal of a scalar field Φ [1].
Based on the Einstein’s gravity theory, it is known that a viscous Bianchi type-I metric of the Kasner form is not
possible to describe an anisotropic universe model which satisfies both the dominant energy condition (DEC) and the
second law of thermodynamics [2, 3]. This problem might be resolved in some specific scalar-tensor theories of gravity
[3].
The one of possible applications of the anisotropic universe to the phenomena is the explanation of anomalous
feature of low quadrupole moment of the cosmic microwave background (CMB) anisotropy. If the large scale spatial
geometry of the universe has the plane symmetric with an eccentricity at the last scattering of order 10−2, then the
quadrupole amplitude of the CMB can be reduced with respect to the value of the best fit ΛCDM model without
affecting higher multipoles of the angular power spectrum of the temperature anisotropy [4, 5, 6].
The Bianchi type-I solutions of BD theory including perfect fluid is also well studied [7, 8]. In what follows, we
analyze in detail the solutions of this model and investigate both the entropy growth and the DEC of it.
This paper is organized as follows. In the next section we investigate the solution of BD theory in a Bianchi type-I
metric with perfect fluid. We analyze the various energy conditions and the growth of entropy of this model in section
3. We also consider the phenomena and the possible application of this model to the low quadrupole problem of the
CMB in section 4. In section 5 we reach our conclusions.
2. BRANS-DICKE FIELD EQUATIONS
We start with the Bianchi type-I metric where the line element is given by
ds2 = −c2dt2 +
∑
i=1,2,3
ai(t)
2dx2i , (2.1)
where ai is the scale factor of each spatial direction. BD theory is described by the action
S =
∫
d4x
√−g
[
1
16π
(
ΦR− ωBD
Φ
∇µΦ∇µΦ
)
+ Lfluid
]
, (2.2)
where Φ is a scalar field, ωBD is the BD parameter, and Lfluid is the Lagrangian of the ordinary matter component.
From the above action (2.2), we can find the BD field equations
Rµν − 1
2
gµνR =
8π
Φ
Tmµν + 8πT
BD
µν , (2.3)
Φ = gµν∇µ∇νΦ = 8π
2ωBD + 3
Tm , (2.4)
TBDµν =
1
8π
[
ωBD
Φ2
(
∇µΦ∇νΦ− 1
2
gµν∇λΦ∇λΦ
)
+
1
Φ
(
∇µ∇νΦ− gµνΦ
)]
. (2.5)
2The field equations (2.3) are explicitly given in terms of the metric (2.2)
a˙1
a1
a˙2
a2
+
a˙2
a2
a˙3
a3
+
a˙3
a3
a˙1
a1
=
8πρ
Φ
+
ωBD
2
Φ˙2
Φ2
− V˙
V
Φ˙
Φ
, (2.6)
a¨j
aj
+
a¨k
ak
+
a˙j
aj
a˙k
ak
= −8πP
Φ
− ωBD
2
Φ˙2
Φ2
+
a˙i
ai
Φ˙
Φ
+
Φ
Φ
, (2.7)
Φ¨
Φ
+
V˙
V
Φ˙
Φ
=
8π(ρ− 3P )
(2ωBD + 3)Φ
, (2.8)
where V = a1a2a3. From the Bianchi identity we get
ρmV = ρminiVini , (2.9)
where ρmini and Vini are the matter density and the volume element at a given time tini.
The shear tensor has the form
σµν = h
α
µU(α;β)h
β
ν −
1
3
θhµν , (2.10)
where Uµ is the four velocity, which satisfies UµUµ = −1, θ = Uµ;µ is the scalar expansion where the semicolon means
the covariant derivative, and hµν is the projection tensor defined as hµν = gµν + UµUν . We can identify the scalar
expansion θ as the mean Hubble expansion rate H by
θ = H =
1
3
(
a˙1
a1
+
a˙2
a2
+
a˙3
a3
)
=
1
3
V˙
V
. (2.11)
Now we can find the shear tensors from the above definition (2.10)
σii =
1
3
a2i
(
a˙j
aj
+
a˙k
ak
− 2 a˙i
ai
)
, σ00 = 0 . (2.12)
Later we will investigate the effect of anisotropy expansion in the CMB temperature anisotropy. Thus we are only
interested in the matter dominated epoch in this model. In this case, we can choose the initial time tini as teq when
the matter and the radiation components have the equal amount of the energy density. Thus, we can find the value
of tini from the current observation from the Wilkinson Microwave Anisotropy Probe (WMAP) [9]
tini
t0
≃ aeq
a0
=
Ωr0
Ωm0
≃ 1.9× 10−4 . (2.13)
It is well known that the above field equations have analytic solution in this epoch [7, 8]. Equations (2.8) and (2.9)
give the relations
V
Vini
=
(
Φ
Φini
)3(ωBD+1)
, (2.14)
ρm
ρmini
=
(
Φ
Φini
)−3(ωBD+1)
. (2.15)
By integrating equation (2.7) with taking into account the Eqs. (2.14) and (2.15), we find
Φ = Φini
[
r(t2 + 2T t)
]1/(3ωBD+4)
, (2.16)
where r = (4πρmini/Φini)[(3ωBD + 4)/(2ωBD + 3)] and T is an arbitrary constant with the dimension of time. We
can find the limit on the value of T in section 4 in order to be consistent with data. The metric coefficients ai are
evaluated from the equations (2.7), (2.14), (2.15), and (2.16) to give
ai(t) = ai(tini)
[
t
t+ 2T
]ξi
V 1/3 , (2.17)
3where ai(tini) and ξi are arbitrary constants satisfying
a1(tini)a2(tini)a3(tini) = Vini = 1 , ξ1 + ξ2 + ξ3 = 0 . (2.18)
From the above equation (2.17), we can understand the isotropy of the universe. When the age of the universe is
about the same order as T , then we should have the small ξ in order not to have the huge anisotropy of the expansion.
However, as the universe gets older, this contribution becomes smaller and we will see the almost isotropic universe
independent of the value of ξ.
We can derive the energy density and the pressure of BD field from the Eq. (2.5)
ρBD =
1
8π
[
ωBD
2
Φ˙2
Φ2
− V˙
V
Φ˙
Φ
]
, (2.19)
PBDi =
1
8π
[
ωBD
2
Φ˙2
Φ2
+
Φ¨
Φ
+
V˙
V
Φ˙
Φ
− a˙i
ai
Φ˙
Φ
]
. (2.20)
From these equations (2.19) and (2.20), we can define the directional components of the equation of state (eos) of BD
field
PBDi ≡ λiρBD , (2.21)
where λi is given by
λi =
1
5ωBD + 6
[
ωBD + 2− (3ωBD + 4) t
2 + 2T t
(t+ T )2 + 2ξiT
3ωBD + 4
t+ T
]
. (2.22)
It will be useful to define the sum of the pressure parameters by
∆ ≡
∑
i
λi =
3
5ωBD + 6
[
ωBD + 2− (3ωBD + 4) t
2 + 2T t
(t+ T )2
]
. (2.23)
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FIG. 1: The directional components (λis) and sum of them (∆) of the eos of BD for the different values of T when we use
choose the value of ωBD as 120. a) The directional components of the eos of BD field (λi) for the two specific values of T .
When T = 3.12 × 10−10t0, all of λis converge to the one value −0.4 during the interested epoch. b) The sum of λi indeed
converge to −1.2 when T = 3.12 × 10−10t0.
In Fig 1, we show the evolutions of λis and ∆ for ωBD = 120 which is chosen by the CMB power spectrum constrain
for ωBD (> 120) in the matter dominated epoch [10]. We choose t0 as the present age of the universe and T as
3.1210−10t0 or 2.5 × 10−6t0 in this figure. The first choice of T value is given to be consistent with data and the
4second one is for the demonstration for T with the similar magnitude as tini. We also specify the planar symmetry
universe (i.e. a1 = a2 = a and a3 = b) in this figure, which constrains the value of ξis as shown in the next section.
The directional components of the eos of BD field (λis) converge to one finite value (−0.4) independent with the value
of ωBD when the time increases. Thus, the sum of each component of eos which is identical to the eos of BD field
(∆) also converges to the finite value (−1.2) near the present. These are shown in the above figure. In the left panel
of the figure 1, the solid and dotted lines show the evolutions of λ1 (same as λ2) and λ3 when T = 2.55 × 10−6t0.
In this case we can see the anisotropic pressure contributions on each direction. However, dashed line indicates the
both λ1 and λ3 when T = 3.12 × 10−10t0. They show the identical evolution in this case and the anisotropy of the
universe is very small. The right panel of the above figure shows the evolution of ∆ for the different values of T .
We can find two interesting features from this figure. The first, in the matter dominated epoch all of the pressure
contribution comes only from the BD field because the pressure of matter is zero. So anisotropy will be decreased
because each directional dependent pressure components of BD field converge to the same value. The other is that
the energy density of BD field is increased as the universe expanded (ρBD ∝ a0.6) instead of decreasing because the
effective eos of BD field is smaller than −1.
3. ENERGY CONDITIONS AND THERMODYNAMICS
The energy-momentum conservation of total energy (∇µ
[
T µmν /Φ+T
µBD
ν
]
= 0) is a consistency condition originating
from the geometric Bianchi identity (∇µGµν = 0) with Gµν being the Einstein tensor given in Eq. (2.3). If we use
equations (2.5), (2.19), and (2.20), then we have
∇µ
[
T µmν
Φ
+ T µBDν
]
=
ρ˙m
Φ
− ρ
m
Φ
Φ˙
Φ
+
ρm
Φ
V˙
V
+ ρ˙BD +
V˙
V
ρBD +
∑
i=1,2,3
a˙i
ai
PBDi = 0 . (3.1)
Now we can express several useful quantities explicitly by using the equations from (2.14) to (2.17)
Φ˙
Φ
=
2
(3ωBD + 4)
t+ T
t2 + 2T t , (3.2)
V˙
V
= 3(ωBD + 1)
Φ˙
Φ
, (3.3)
Φ¨
Φ
= − V˙
V
Φ˙
Φ
+
1
t+ T
Φ˙
Φ
, (3.4)
a˙i
ai
=
[
ξiT (3ωBD + 4)
t+ T + (ωBD + 1)
]
Φ˙
Φ
. (3.5)
After we use the above equations (3.2) - (3.5) into the Bianchi identity (3.1), we have
8π∇µ
[
T µmν
Φ
+ T µBDν
]
=
(2ωBD + 3)
(t+ T )(t2 + 2T t)
Φ˙2
Φ2
[
2T 2
(
1−
∑
i=1,2,3
ξ2i
(3ωBD + 4)
(2ωBD + 3)
)]
= 0 . (3.6)
To satisfy the above equation, we have
ωBD = −3
2
or, (3.7)∑
i=1,2,3
ξ2i = ξ
2
1 + ξ
2
2 + ξ
2
3 =
2ωBD + 3
3ωBD + 4
. (3.8)
Again when we adopt the CMB power spectrum constrain for ωBD (> 120) in the matter dominated epoch, then we
can abort the first condition in the above equation (3.7). If we consider the ellipsoidal universe (i.e. a1 = a2 = a and
a3 = b), then we can find the values of ξi from the equations (2.18) and (3.8)
ξ1 = ξ2 = ±
√
2ωBD + 3
6(3ωBD + 4)
, ξ3 = −2ξ1 = ∓2
√
2ωBD + 3
6(3ωBD + 4)
. (3.9)
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FIG. 2: The values of coefficients of equations (3.13) and (3.15) when we use the constraint ωBD > 120. a) To get the positive
energy density, the investigated time should be bigger than 0.0034T . b) The SEC can be satisfied when the observing time is
bigger than 0.0055T .
The total energy density, the pressures, and the sum of pressures can be explicitly represented by
ρtotal = ρ
BD +
ρm
Φ
=
1
8π
Φ˙2
Φ2
[
3(ωBD + 1)
2 − (6ω
2
BD + 17ωBD + 12)T 2
2(t+ T )2
]
, (3.10)
PBDi =
1
8π
Φ˙2
Φ2
[
(ωBD + 1)− 3ωBD + 4
2
(
2ξiT t+ (2ξi + 1)T 2
)
(t+ T )2
]
, (3.11)
ρBD =
∑
i
PBDi =
1
8π
Φ˙2
Φ2
[
3(ωBD + 1)− (9ωBD + 12)
2
T 2
(t+ T )2
]
. (3.12)
From the above equations (3.10) - (3.12) we can find the constraints of t to get the positive definite of energy density,
dominant energy condition (DEC), and strong energy condition (SEC)
tρ≥0 ≥
[
−1 +
√
(2ωBD + 3)(3ωBD + 4)
6(1 + ωBD)2
]
T , (3.13)
tDEC ≥
[
(−2− 2ωBD + ξi) +
√
2 + 2ωBD + ξ2i
2(1 + ωBD)
]
T , (3.14)
tSEC ≥
[
−1 +
√
(3ωBD + 4)(ωBD + 3)
3(ωBD + 1)(ωBD + 2)
]
T . (3.15)
As we can see in the left panel of the figure 2, if we restrict ωBD > 120, then we can satisfy the positive energy
density constraint when the observing time is greater than 0.0034T . The DEC is always satisfied for any time interval.
The SEC is contented with t > 0.0055T .
In general the energy momentum tensor for a viscous fluid is given by
Tµν =
[
ρ+ (p− ǫθ)
]
UµUν + (p− ǫθ)gµν − 2ησµν (3.16)
where ǫ and η are the bulk and shear viscosities, respectively. If we use the equation (2.20) and define PBDi = pi−2ησii
(no sum over i) then we can find the shear viscosity as
η =
3
8π
[
ξi
ξj + ξk − 2ξi
3ωBD + 4
t+ T +
ωBD + 1
(ξj + ξk − 2ξi)T
]
1
t2 + 2T t (3.17)
The second law of thermodynamics requires η > 0 and this condition is satisfied by given ξs (3.9) and T = 3.12 ×
10−10t0. Thus this model satisfies both various energy conditions and the second law of thermodynamics.
64. PHENOMENA
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FIG. 3: The time evolution of the ratio ai(t) to aI(t) for the different values of ωBD with T = 3.12× 10
−10t0. The anisotropies
on each direction get smaller as the universe evolves. a) The evolution of a1(t)/aI(t) for ωBD = 120 (solid line) and 200 (dashed
line). b) a3(t)/aI(t) for the same values of ωBD with same notation as in the left panel.
In this section we investigate the cosmological models with planar symmetry. In this case, we have the relation
between ξis as given by the equation (3.9). If we check the scale factor in this epoch, then from the equation (2.17)
we have
ai(t)
ai(t0)
=
[
τ + 2T0τ
τ + 2T0
]ξi[
τ2 + 2T0τ
1 + 2T0
](ωBD+1)/(3ωBD+4)
, (4.1)
where τ = t/t0, T0 = T /t0, and t0 is again the present age of the universe. If the universe is isotropic and matter
dominated, then the scale factor evolves as aI(t) = aI(t0)(t/t0)
3/2. If we set aI(t0) = ai(t0) = 1, then we can show
the ratio between ai(t) and aI(t) as in the figure 3. We show the ratio of a1(t)/aI(t) in the left panel of the figure
3. We choose T0 = 3.12× 10−10 in this figure same as in the previous section. As we expected, the anisotropy of the
universe is getting smaller as time evolves and it will become isotropic at near present. For the bigger values of ωBD,
we have smaller anisotropies. In the right panel of the figure 3, we also show the ratio of a3(t)/aI(t).
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FIG. 4: The cosmological evolution of ratio ρBD to ρm/Φ for the different values of ωBDs with T = 2.55 × 10
−6t0 and
3.12 × 10−10t0. When T = 3.12× 10
−10t0, the value of ρ
BDΦ/ρm converges to 5/(6ωBD) as we can find in the equation (4.2).
7If we check the evolution of the energy density of matter and BD field, then from the equations (2.15) and (2.19)
we have the absolute values of the ratio of them∣∣∣∣∣Φρ
BD
ρm
∣∣∣∣∣ = 5ωBD + 6(2ωBD)(3ωBD + 4)
(τ + T0)2
τ2 + 2T0τ . (4.2)
As we can see in the figure 4, the absolute value of the energy density of BD field is decreased as time goes compared
to that of matter. From the equation (2.17), we can see that as time goes the universe will be more isotropic and we
will hardly see anisotropy. If the matter field keeps the dominant component and the universe becomes isotropic, then
we have the matter dominated epoch with scaling a ∼ t2/3. The Brans-Dicke field dominated epoch in the isotropic
universe is investigated intensively in the literature [11]. In this case, the universe undergoes zero acceleration epoch
a ∼ t.
If we assume that the universe is plane symmetric with an eccentricity at the last scattering surface (edec) of
order 10−2, then the quadrupole amplitude of the CMB temperature fluctuation can be reduced with respect to
the observed value of the WMAP [12] without affecting the amplitudes of higher multipoles [5]. The temperature
anisotropy measured in a given direction of the sky can be expanded in spherical harmonics as
∆T (nˆ)
T0
=
∑
l,m
almYlm(nˆ) , (4.3)
where nˆ is the direction of the photon momentum, T0 ≃ 2.73K is the present average temperature of CMB radiation,
and alm are the multipoles. From this, the power spectrum is given by
∆Tl
T0
=
√
1
2π
l(l + 1)
2l+ 1
∑
m
|alm|2 . (4.4)
In the plane symmetric universe with a small eccentricity, the temperature anisotropy is a linear superposition of the
isotropic temperature fluctuation ∆TI and fluctuations due to the anisotropic background ∆TA [13]
∆T = ∆TI +∆TA . (4.5)
We may write the amplitude
alm = a
I
lm + a
A
lm . (4.6)
From the null geodesic equation, a photon emitted at the last scattering surface with temperature Tdec reaches to the
observer with the temperature
T0(nˆ) = T0(1− 1
2
e2decn
2
3) , (4.7)
where T0 = Tdecadec and edec =
√(
adec
bdec
)2
− 1. Therefore, the temperature anisotropy due to the anisotropic back-
ground is given by
∆TA
T0
=
1
2
e2decn
2
3 . (4.8)
We need to get edec ≃ 0.67 × 10−2 in order to get the proper mean value of observed quadrupole anisotropy
(∆TA)
2|mean ≃ 427.3µK2.
In the figure 5 we show the cosmological evolution of the eccentricity of the model (e) for the ωBD = 120. As we
show in the figure when T = 3.12× 10−10t0 we can obtain the expected value of edec ≃ 0.67× 10−2.
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FIG. 5: The cosmological evolution of e(t) for T = 3.12× 10−10t0 with ωBD = 120.
5. CONCLUSION
We show that the Bianchi type-I metric in Brans-Dicke theory of gravity with matter fluid can satisfy the second
law of thermodynamics and the various energy conditions. The cosmological evolution of the Brans-Dicke field reduces
the possible primordial anisotropy of the universe.
We have considered the alternative explanation for the anomaly in the quadrupole amplitude of CMB temperature
spectrum. A small eccentricity due to the Brans-Dicke field may solve this conundrum.
[1] C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961).
[2] M. Cataldo and S. del. Campo, Phys. Rev. D 61, 128301 (2000) [arXiv:gr-qc/0004055].
[3] M. Cataldo, S. del. Campo, and P. Salgado, Phys. Rev. D 63, 063503 (2001) [arXiv:gr-qc/0011027].
[4] E. Marti
′
nez-Gonza
′
lez and J. L. Sanz, Astron. Astrophys. 300, 346 (1995).
[5] L. Campanelli, P. Cea, and L. Tedesco, Phys. Rev. Lett. 97, 131302 (2006); Erratum-ibid. 97, 209903 (2006)
[arXiv:astro-ph/0606266].
[6] Davi. C. Rodrigues, Phys. Rev. D 77, 023534 (2008) [arXiv:0708.1168].
[7] V. A. Ruban and A. M. Finkelstein, Gen. Relat. Gravitat. 6 601 (1975).
[8] V. B.Johri and G. K. Goswami, Aust. J. Phys. 34, 261 (1981).
[9] D. N. Spergel et al., Astrophys. J. Supp. 170, 377 (2007).
[10] V. Acquaviva, C. Baccigalupi, S. M. Leach, A. R. Liddle, and F. Perrotta, Phys. Rev. D 71, 104025 (2005)
[astro-ph/0412052].
[11] H. Kim, [astro-ph/0408577].
[12] G. Hinshaw, et al., [arXiv:0803.0732]
[13] E. .F. Bunn, P. Ferreira, and J. Silk, Phys. Rev. Lett. 77, 2883 (1996) [arXiv:astro-ph/9605123].
